An effective Ising model for the spin-ice type Kondo lattice model is investigated by the classical Monte Carlo simulation. We clarify the magnetic phase diagram with four phases: ice-ferro, ice-(0, 0, 2π), 32-sublattice, and all-in/all-out ordered states. The result well reproduces the phase diagram of the Kondo lattice model studied previously [H. Ishizuka et al.: J. Phys. Soc. Jpn. 81 (2012) 113706], which suggests that the RKKY interactions up to third neighbors are sufficient to describe the magnetic properties of the itinerant electron model. We discuss the peculiar nature of phase transitions: the suppression of the critical temperatures down to zero temperature between two ice phases and the presence of the tricritical points on the phase boundary of the 32-sublattice ordered state.
Introduction
Frustration in magnetic materials offers a fertile ground for studying interesting phenomena in strongly correlated systems [1, 2] . Competing interactions under frustration often lead to an extensive number of energetically degenerate states. Even a small perturbation to the degeneracy can result in remarkable effects, such as phase transitions and colossal responses to external fields. These unique properties have stimulated intensive studies of competing orders and fluctuations in frustrated systems.
One such example of frustrated systems is spin ice [3] [4] [5] . In spin ice, spins with strong Ising-type anisotropy along the sublattice-dependent local [111] direction reside on the pyrochlore lattice, which consists of corner-sharing tetrahedra [see Figs. 1(c)-1(f)]. In the spin-ice compounds, the effective interaction for nearest-neighbor (NN) spins becomes ferromagnetic, which enforces a two-in twoout spin configuration in each tetrahedron [6] [7] [8] . The local constraint, called the ice rule [9] , is not sufficient to establish a long-range order, and results in the macroscopic degeneracy in the ground state. The long-range dipolar interactions lead to significant changes in the phase diagram [10] and emergence of peculiar excitation called magnetic monopoles [11] .
On the other hand, recently, the physics of spin-charge coupling in geometrically frustrated systems has also gained interest. These studies were stimulated by recent experiments on the Mo and Ir metallic pyrochlore oxides which show rich phase diagrams [12] [13] [14] . Indeed, some of their transport properties were theoretically discussed in the context of spin-charge coupling [20] [21] [22] . At the same time, the magnetism of a pyrochlore Ising model with the Ruderman-Kittel-Kasuya-Yosida (RKKY) [15] [16] [17] interactions [18] and a Kondo lattice model on a pyrochlore lattice [19] were studied. In the later study, the magnetic phase diagram of the Kondo lattice model was mapped out by using a Monte Carlo (MC) simulation, and it was pointed out that the change of the RKKY interactions depending on the electron density plays an important role in understanding the phase diagram. However, the detailed investigation on the effective RKKY Ising model was not presented. In this contribution, we numerically study the magnetic phase diagram of the effective Ising model with long-range RKKY interactions using a MC simulation. We present the phase diagram of the effective model and show that the result well reproduces the phase diagram of the Kondo lattice model studied in Ref. 19 . In addition, we investigate the critical behavior for the phase transition to each magnetic phase, which was unclear in the previous study on the Kondo lattice model due to the computational limitation.
Model and Method

Model
The Hamiltonian for the spin-ice type Kondo lattice model considered in the previous studies [19, 22] is given by
Here, the first term is the hopping of itinerant electrons, where c iσ (c † iσ ) is the annihilation (creation) operator of an itinerant electron with spin σ =↑, ↓ at ith site. The sum i, j is taken over NN sites on the pyrochlore lattice, and t is the NN transfer integral. The second term is the onsite interaction between localized spins and itinerant electrons, where S i and σ i represent the localized Ising spin and itinerant electron spin at ith site, respectively (|S i | = 1), and J is the coupling constant (the sign of J does not matter in the present model as the sign of J can be reversed by time-reversal transformation). The anisotropy axis of the Ising spin is given along the local [111] direction at each site, i.e., along the line connecting the centers of two tetrahedra to which the spin belongs [see
In the model in Eq. (1), the kinetic motion of electrons induces effective magnetic interactions between the localized Ising spins. In the weak coupling limit of J/t ≪ 1, the effective interactions are obtained by the second-order perturbation theory in terms of the second term in Eq. (1). They are called the RKKY interactions [15] [16] [17] . Thus, the perturbation gives an effective Ising spin model with long-range RKKY interactions. For simplicity, by omitting the interactions further than third neighbors and projecting the local spin axis along the direction of the anisotropy axis [23] , we consider the Hamiltonian in the form
where S z i = ±1 is the projected collinear Ising moment at ith site and the sum {i, j} ([i, j]) is taken over second(third)-neighbor pairs. Here, J 1 , J 2 , and J 3 are the nearest-, second-, and third-neighbor interactions, respectively, which are dependent on the electron density n =
2N
iσ c † iσ c iσ in the original Kondo lattice model in Eq. (1); the estimates are shown in Fig. 1(b) as functions of n (we set J 2 /t = 1 as the energy unit hereafter). We call this model the effective RKKY Ising model. Note that the previous study on the similar model assumed the RKKY interaction for free electrons [18] , while our effective model takes account of the band structure of the pyrochlore lattice. In the following, we take the lattice constant of cubic unit cell a = 1 [see Fig. 1(f) ], and the Boltzmann constant k B = 1.
Monte Carlo method
We investigate the phase diagram of the effective RKKY Ising model in Eq. (2) by a classical MC simulation for J 1 , J 2 , and J 3 at each n plotted in Fig. 1(b) . The single-spin flip update by using the heat-bath method was employed for the MC sampling. Most of the calculations were initially started from random spin configurations, while the calculations in the ice-(0,0,2π) region were started from a mixed initial spin-configuration of low-temperature (T ) ordered and high-T disordered states in order to deal with the severe freezing at low T . The typical system sizes for the calculations were N = 4 × 6 3 to 4 × 12 3 sites, whereas the calculations up to N = 4 × 24 3 were done for the cases that weak first order transitions were expected. The calculations were typically done with 5 × 10 6 MC steps after the thermalization of 10 6 MC steps, and the error bars were estimated by dividing the MC data into five bins and calculating the corrected sample standard deviation among the bins.
Results
Phase diagram
Figure 1(a) shows the phase diagram for the effective RKKY Ising model in Eq. (2) obtained by MC calculations. We identify four magnetic phases at low T : (i) the ice-ferro state for n 0.054, (ii) the ice-(0, 0, 2π) state for 0.054 n 0.150, (iii) the 32-sublattice ordered state for 0.150 n 0.222, and (iv) all-in/all-out ordered state for 0.222 n. The schematic pictures of each magnetic order are shown in Figs. 1(c)-1(f) . The symbols in the phase diagram show the critical temperatures T c estimated from T dependence of the order parameters (see the next section for the details). The strip at the bottom of the figure is the ground state phase diagram obtained by a variational calculation comparing the ground state energy for the four magnetic orders. The variational estimates of the range of n for each phase are in good agreement with the MC results, as shown in Fig. 1(a) .
The magnetic phase diagram in Fig. 1(a) is in good accordance with the phase diagram for the Kondo lattice model in Eq. (1) obtained in Ref. 19 . Indeed, all the four magnetic states appeared in the Kondo lattice model at J/t = 2 are found in the effective RKKY Ising model. The range of n for each phase is in good agreement between the two models, except for the electronic phase separation specific to the Kondo lattice model. The relative values of T c for different phases also show reasonable accordance between the two models, while the magnitude of T c is overestimated by a factor of 2-3 in the present results when considering the value of J/t = 2 taken in the Kondo lattice model. The results indicate that the effective model with the RKKY interactions up to third neighbors semi-quantitatively describes the magnetic properties of the original Kondo lattice model in the weak coupling regime.
Although it was unclear how the ice-ferro and ice-(0, 0, 2π) ordered phases meet with each other at low T in the previous study for the Kondo lattice model [19] , our result in Fig. 1(a) suggests that the two phase boundaries go to zero and meet at T = 0. This peculiar behavior can be understood as follows. The ground state energies per site for the ice-ferro and ice-(0, 0, 2π) ordered states are given by E if = 4J 1 + 8J 2 − 12J 3 and E 2π = 4J 1 − 8J 2 + 4J 3 , respectively. At the boundary between the two states, E if = E 2π ; this implies J 2 = J 3 at the phase boundary. This is indeed the case, as shown in Fig. 1(b) . It was recently pointed out that the model in Eq. (2) with J 2 = J 3 can be rewritten by introducing the magnetic charge for each tetrahedron p, Q p = i∈p S z i , into the form of [24] 
Here, p and q are the indices for the tetrahedra in the pyrochlore lattice; the first sum is taken over all the pairs of NN tetrahedra, and the second sum over all tetrahedra. Rewriting the Hamiltonian in this form, it is easily seen that all the two-up two-down spin configurations are energetically degenerate since Q p = 0 for all p. Hence, when J 1 is dominantly negative and favors the two-up two-down configurations, the system remains disordered to T → 0 when J 2 = J 3 . This explains the reason why T c goes to zero at the phase boundary between the ice-ferro and ice-(0, 0, 2π) phases.
Temperature dependence of physical quantities
Let us next look into the critical behavior of the phase transition for each phase while changing T . The temperature dependence of the order parameters for each magnetic phase is shown in Fig. 2 . Figure 2 (a) shows the result of the order parameter for the ice-ferro state, m if = {3 i S ii (0) − 2 i>j S ij (0)}/4N , at n = 0.039; the inset shows the result of the Binder parameter [25] for m if . Here, S ij (q) (i, j = 0, 1, 2, 3) is the spin structure factor for the Ising spins on ith and jth sublattices. The rapid increase of m if around T c = 0.013 indicates the phase transition to the ice-ferro state. At the same time, the Binder parameter for large system sizes N ≥ 4 × 10 3 shows a dip and takes a negative value near T c , indicating that the transition is of first order. T c plotted in Fig. 1(a) is estimated from the position of the dip for the Binder parameter (the finite size effect is negligibly small). The discontinuous transition is consistent with the result in the previous study using RKKY interactions for free electron gas [18] . In the previous study, the reason for the discontinuity was discussed in relation to the six-state models. On the other hand, our previous result on the Kondo lattice model appeared to show a continuous change of the order parameter at the phase transition. This is presumably due to the small system size. Indeed, the dip of the Binder parameter does not appear for small sizes in Fig. 2(a) .
With increasing the electron density, a sharp first order transition to ice-(0, 0, 2π) ordered state is seen. Figure 2(b) and its inset show the result of
)}] and its Binder parameter at n = 0.123, respectively. Here, q 2π 1 = (0, π, π), q 2π 2 = (π, 0, π), and q 2π 3 = (π, π, 0). The abrupt jump of m 2π at T c = 0.0524(4) clearly indicates that the transition is of first order. As the system size dependence of T c is negligible, we used T c for N = 4 × 12 3 in the plot in Fig. 1(a) . The discontinuous transition is consistent with the result in the Kondo lattice model in Ref. 19 .
On the other hand, the phase transition to the all-in/all-out state in the higher density region is second order. Fig. 1(a) . On the other hand, by the Binder analysis, the phase transition to the 32-sublattice ordered state becomes first order for 0.15 n 0.18 and 0.21 n 0.22. This implies the presence of the tricritical points on the phase boundary for the 32-sublattice ordered phase [26] .
On the other hand, in the study on the Kondo lattice model, no first order transition was observed [19] . The difference is presumably due to the finite size effect. Indeed, in the current calculations, we found that the system size above N = 4 × 12 3 is necessary for distinguishing the first order transition. On the other hand, due to the computational time, previous calculations on the Kondo lattice model were done with N = 4 × 8 3 at the largest.
Summary
To summarize, we numerically investigated an effective RKKY Ising model for the spin-ice Kondo lattice model, which was studied in Ref. 19 , by using the Monte Carlo simulation. We showed that the effective model with up to the third-neighbor RKKY interaction well reproduces the phase diagram of the Kondo lattice model. In addition, we presented the detailed results on the nature of the phase transition to each magnetically ordered state. We showed that the critical temperature goes to zero between the two ice phases, and that the tricritical points are present on the phase boundary of the 32-sublattice ordered state.
